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1. Introduction

Quantumaffinealgebrasandtheir representationsareintensivelystudiednow
by physicistsandmathematicians.Thesealgebrasarenaturally connectedwith
trigonometricsolutionsof the Yang—Baxterequation[6]. Theyappearalsoas
symmetriesof quantumdeformationsof integrablesystems[51.

Quantumaffine algebrasareusuallydefinedas Hopfalgebraswith Chevalley
generatorsand with q-deformedstandardrelations.Unfortunately,this form
is not convenientfor someapplications,like studyingfinite-dimensionalrep-
resentationsanddevelopingq-vertex operatorcalculus.Different approaches
of definingquantumaffine algebrasas quantizationsof current algebraswere
presentedin the works [1,3,4,11].

The main goalof thislectureis to explain the mysteriousformulaeof ref. [3]
from the point of view of algebraiccalculationswith Cartan—Weylgenerators.
We explainherehowto obtain“quantizedcurrentgenerators”andcommutation
relationsbetweenthem from the constructionof Cartan—Weylgenerators[7,8]
for quantumaffine algebras.Thebasicconceptsin ourapproacharethenotions
of normalorderingof theroot systemandq-commutatorof the root vectors.By
useof the universalR-matrixwhich was written down explicitly in ref. [7] we
describethe formulaefor comultiplicationin Drinfeld’s realizationof quantum
affine algebras.
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2. Notations

Let ~ be a nontwistedaffine Lie algebrawith symmetrizableCartan matrix
A = (a11) (ASY~ = (a~’

m)is the correspondingsymmetricalmatrix) and let
LI = {c~o,rt

1,...,rtr} be a systemof simple roots for ~. We assumethat the
roots fl0 = {(51,(52, .. . ,(~r} generatethe system~ (g) of positive roots of
the correspondingfinite-dimensionalLie algebrag. Thequantumdeformation
Uq(g~)is a unital algebrawith generatorse±(~,,k(~

1= q±h~,(i = 1,2 r),
andthe definingrelations

[k~’, k~1I = 0, k(~,e±(~~= ~ (1)

[e(~,e~J] = (2)

(adq’ e±(~I)l_01e±(~J= 0 for i ~ j, q’ = q,q~’, (3)

where (adqe(, )ep is aq-commutator:

(adqe(~)e$ [e~,e~fl~= e(~eJJ qe/
3e(, (4)

and(o,/l) is a scalarproductof the roots Q and /3: (o~,rt1) = a~m.We define
a comultiplicationin Uq (~)by the formulae

= k(~~®k(~,, (5)

= e(~® 1 + k(;,’ ® e~, ~(e~(~) = e_(~~® k~+ 1 ® e_(~, (6)

We denoteby a symbol (*) an anti-involutionin U~1(~),definedas (k~,)*=
k;

1, (e±(~~)*= e~,,(q)* = q’. We also usethe standardnotationsUq(b+)
and Uq (b_) for the Borel subalgebras,generatedby k~1,~ andk~’,e_(~,cor-

respondingly.We alsowrite

expq(x) := 1 + X + (2)! + + (n)q! + ‘•• = ~ ~q’ (7)
q n>0

(a)q := q~, [alq := q’’ q(~:= q_((~.(~), (8)

3. Cartan—Weyl basis for Uq(~)

Let A~be the systemof all positiveroots with respectto IT. It turns out that
a procedureof the constructionof the quantumCartan—Weylbasishasto be in
agreementwith the choiceof normal ordering in the reduced root systemA+
Recall the definitionof normalorder in ~ [2,121.



SM. Khoroshkin / Drinfeld’s quantumaffinealgebras 447

Definition 3.1.We saythat the system~ is in normal orderingif its roots are
written in the following way: (i) all multiple roots follow eachotherin an ar-
bitrary order; (ii) eachnon-simpleroot cs + /1 E ~ wherert 2/3 hasto be
written betweencs and /3.

Fix somenormalorderingin ~ (~):= ~ , satisfyingan additionalcondition:

(9)

for anysimpleroots rt~,rtj ~ ~+ (g) , k,1,n>0. Here ~ is a minimal positive
imaginaryroot. Apply the following inductiveprocedurefor the constructionof
the real root vectors~ ,y E ~ (i), startingfrom the simpleroot vectors
of~~(i).

Let y e~ (~)bearealrootandc~,. . . , y,... , Jibeaminimalsubsetrestricting
y (y = rt + /3). Thenwe set

e~:= [ea~ep]q~e_~:= [e~~,e~cJq_i (10)

if e±~,ande±phavealreadybeenconstructed.
Whenwegettheimaginaryrootö , we stopfor a momentandusethefollowing

formulae:

= e~(rtj) [(aj, rt~)]~‘[e~1,eo_~~Iq~ (11)

e~1+~~= (—l)~(rt1)(ade~e~, (12)

eo(~+fl~5= Cfl(cs1)(ade)eo_(~I, (13)

~ = ~ (14)

Here (adx)y = [x,yI is a usual commutator,e~(a1)= (_l)nO(c~~), and 0:

U0 = {rt1 ~r} —* {0, l} is chosenin such away that

(15)

Thenwe usethe inductiveprocedureagainto obtainthe otherreal rootvectors
e~+~o,eo_?,+flô, ~ez~+(g). We cometo the endby defining the imaginaryroot
vectorse,~throughthe intermediatevectorse~owby meansof the following
(Schur)relations:

( (~j,c~j)— _(,aj)~~P~~1
— q / (i) ~ (t) P”~ — .., (e~) ‘ ‘ (e,~)

pi+2p2+...+np~=n Pi. Pn.

(16)

In terms ofgenerating functions

E(z) = ~ — q_(~i~~~))~
n>J
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and
E, (z) = (q ~ — ~) ~

n>1

relation (16) maybe rewrittenin an invertedform:

E1(z) = ln(l + E~(z)). (17)

Thevectorse~ande_., = (e~)*, y E ~ (~)arethe Cartan—Weylgeneratorsfor
Uq (i).

Thefollowing propositionholds [7,8]

Proposition 3.1.The root vectors e’., E Uq(g), ;‘ ez~,satisfythe relations

(e±y)*= eT?, k(~e~= q±(a.Y)e~k±I (18)
k. —k’

[e~,e_~j = a(y) ‘~1~ a(~’)eC, (19)

[e(~,ep]q= ~ ~ e, (20)

where~, k,y, = rt + /3 andthecoefficientC arerationalfunctionsof q suchthat
theydo not dependon the Cartanelementsk(~,I = 1,2 , the monomials
(finite products)e,?1e~2 e~Yi < Y2 < < Yv and e~’~e~,2. e’~ (l’i <

Y2 < < YN), generatesubalgebraUq(h+) andLyh~),correspondingly.

Remark.In the relation (18)—(20) the root vectorsof imaginaryroots y =

±n~haveto be labeledby anadditionalindex s: ~ s = 1,2 mult, where
mult is the multiplicity of the imaginaryroot +nó.

If we introducethe new elements

= e~, ~ = —k~’e_~,,y E ~ , (21)

thenrelation (20) is generalizedas follows:

— —rn1 —rn2 —rn —rn —in —rn

[e~fl,e(, ]q = ~ Crn,,y,;rn ~ - e~e,,,~ - (22)
wherethe sumis takenon Yi,~~•’?p,Y’ ,y~and in1,...,m~suchthat

~(rny — m1y1) = /3 — (23)

andthe coefficientsC arerationalfunctionsof q suchthat theydo not depend
on the elementsk(~,I = 1,2,...,r.

Theimaginaryrootvectors generatetheq-analogoftheHeisenbergalgebra
which is describedin the following proposition.
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Proposition3.2.Thefollowing relationsarevalid for imaginaryroot vectors:
qfl(cri~ai) —

= (() — q_(nj,nj))eai+rn+no~ m > 0,n>0, (24)

qfl(niai) — q_n(ai~nj)
[e~, eon~+moI= n(q(~xJ~aj)— q_(ni~~i))ea_(~I+(m+n)o, m � 0, n > 0, (25)

- ( n(~,a~)—w — q / k~k~ 26
no ‘ — rn—n~(q(~ai) — q(ni~ni))(q(aj.nJ) — q(aJ~aJ)) 0 — 0

Remark. Relation (24) is still valid for any integerm andk > 0 if we replace
en1+moby ~n~+rnO (see(21)) in bothsides.Therelation (25) canbe extendedto
negativevaluesof k andm in an analogousmanner.

4. Drinfeld’s realization of quantum nontwisted affine algebras

V.G. Drinfeld suggestedanotherrealizationof the quantumnontwistedaffine
algebra [31.In this descriptionthe algebraUq(~)is generatedby the elements
c, D, ~, X,k where i = 1, 2,.. . , r; k � 1 satisfyingthe relations

[C,X,k] = [c,~] = [c,D] = 0, [D,X,k] = kx,k, [D,c~,k]= ~ (27)

[x,k, xjt I = 4ök,_1k’h
2 sinh(khB,

1)sinh(khc/2), (28)

[x/k,~] = +2k’h’sinh(khB11)exp(~~k~.hc/4)~k+/, (29)

,e± e± +hB~~e±e± — hB1~e±,~± ,e± ,~±
“i,k+I~jl — e ‘~jl”i,k+1 — e “ik~j,l+1 — ~j,1+1” ik

= ö11h’’ (wt,k+t e~~’
4~i,k+l e(t~/4), (31)

andq-analogsof theSerrerelations,which we do not write downhere(see,e.g.,

ref. [3]). The elements~ çii,,,~aredefinedfrom the relations

ç~u~= exp—h( ~ + x
1,pu”), (32)

p p<o
~ yi1,,1,u’~= exph(~x1,0+ > ~ (33)

p P>

0

B
1,1 = ~(a1,a1), 1,1 = 1,2,,. ..,r

We shouldlike to showherehow to expressgeneratorsXk and~k through
Cartan—Weylgeneratorseaa+no, eo~1+~o,e~0.Ofcourse,the resultingrelations

will differ slightly from (27)—(33),becausewe use [n]q insteadof h’ sinhnh.

Let q = exp(—~h),c = h0. We put

x1,~= e,~, I = l,...,r, neZ (34)
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and
= ë~~+~oq~2,~ = ~*

0qnho/
2 ~ E 1, (35)

v/In = (q(dhi~1 )q(~.tI~))q~ie~
5~~,çL)j,~= (q((Il.(l~)q(~.(l~) )e’~q’~’i,n > 0.

(36)

Then,dueto proposition3.2, we have

Proposition 4.1.The following relationsarevalid:

[k2Bi,j]q qkc — q~kc
[xlk,xJ/] = Uk,l k~2B ‘ ~2’~ .1 — —-i ‘ (37)

L J,JJqL ~,iiq q q

• y±1 — [n2B1,1]q +InIc/2,~±1X1fl,~J1J — +12B .1 q
L j,jiq

Now we give an interpretationof the relations(27) —(33).
(i) In termsof Cartan—Weylgeneratorsthe Serrerelationsareequivalentto

the following corollaryof proposition3.1.

[ea,ep]q = 0,

if ct < /3 areneighbouringrootsin the senseof fixed normalorderingof the root
system;

(ii) thedefiningrelations(11)— (14) maybeeasilygeneralizedto the identities

= C~jje~’~m+l)o, (39)

whereC is a constant.Relations(39) rewrittenby meansof (16) or (17) in
termsof the generatorse,~give us (31).

(iii) Formulae (30) definethe commutationrelationsbetweenthe real root
vectorsen,+no, I = 1,..., r or eo~,+rno,i = 1,..., r. Their translationinto
the languageof proposition 3.1 hasa more complicatedform, exceptfor the
simplestcasek = 1, i = j whentheymeanq-commutationof the neighbouring
rootvectorsagain.

5. The Universal R-matrix and formulae for comultiplication in Uq(j)

The universalR-matrix for Uq(~)is, by definition, an elementof (someex-
tensionof) Uq (~)® Uq (i), satisfyingthe following conditions:

N(x)=R~(x)R’ VXEUq(~) (40)

(i~®id)R= R’
3R23, (id®~s)R= R’3R’2. (41-)

Here ~‘ is an oppositecomultiplicationin Uq (g~): A’ = aA, wherea(u ® v) =

V® U.
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An explicit expressionfor theuniversalR-matrix for the quantumnontwisted
affine algebraswas given in ref. [7]. Namely, for a fixed normal ordering of
A~(i), satisfying(9), we canpresentit as follows:

R R~RimR~K. (42)

HereK q~i.id~~h,®h~whered11 is aninverseto the (extended)nondegenerate
symmetricCartanmatrix (à~m),1,1 = —1,0,...r,

R~= fi R7, R~= fi R~, (43)
yEL\’~,y~(O yE~,y>O

where
R~=expq~(a(yY’ey®ey), (44)

a(y) is the coefficient in the relation (19) of proposition3.1. and the order
in the product (43) coincideswith a chosennormal ordering of A+, for the
constructionof theCartan—Weylbasissatisfying(9). Finally,

Rim = exp (~c7ie~®e~o) (45)
n>0

wherec73 is an inversematrix to

[n2B1,~]q
n[

2Bi,i]q[2B
1,j]q(q — q—’)

ThefactorsR~andRim maybeusedto describethe comultiplicationformulae

for nonsimplerootvectorsanalogouslyto the finite-dimensionalcase[10,9].

Proposition 5.1.Thefollowing identitiesarevalid for anyroot ct E

A’ (en) = (H R~)(1 ® e,~+ en ® q_ho) (H R~) , (46)

= (nR~)(qh~® e~,+ e_(, ® 1) (IIR~) . (47)

Theseformulae,appliedto the rootse±n,+no,e,~give us the formulaefor co-
multiplicationof X,k, ~

In the conclusionwe shouldlike to mentionthat V.G. Drinfeld [3] suggested
anothercomultiplication for quantumaffine algebras.In our notation this co-
multiplication is definedby the conventionthat

= e~j® 1 + q~®e,~, A(e
1’,~

0)= e(~,~o®qnc + 1 ®e~0 (48)

Analogously to the abovestatementwe statethat comultiplication ~ can be
obtainfrom the usualcomultiplication (5), (6) by conjugationwith R~ai~



452 SM. Khoroshkin/ Drinfeld’s quantumaffinealgebras

Note alsothatthe argumentspresentedin this lecturecan be extendedto the
twisted case(anexamplefor A~2~is given in ref. [8]).
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